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ON THE SURJECTIVITY OF WEIGHTED GAUSSIAN MAPS
E. BALLICO, L. PERNIGOTTI
ABSTRACT: We study the surjectivity of suitable weighted Gaussian
maps γa,b(X,L) which provide a natural generalization of the standard
Gaussian maps and encode the local geometry of the locus Thrg,h ⊂Mg
of curves endowed with an h-th root L of the canonical bundle satisfying
h0(L) ≥ r + 1. In particular, we get a bound on the dimension of its
Zariski tangent space, which turns out to be sharp in the special case
r = 0. Finally, we describe this locus in the case of complete intersection
curves.
Key words: Gaussian maps, Higher spin curves, Higher theta-
characteristics, Complete intersections.
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1. Introduction
The theory of Gaussian maps on curves was developed by Jonathan Wahl in
[W87] and [W90]. We recall that they are defined as
ΦL : R(L)→ H
0(Ω1X ⊗ L
⊗2), σ ⊗ τ 7→ τdσ − σdτ,
where X is a smooth projective variety over C, L ∈ Pic(X) a line bundle of positive
degree and R(L) is the kernel of the multiplication mapH0(L)⊗H0(L)→ H0(L⊗2).
Furthermore, as for instance in [Far05], it makes sense to define the Gaussian map
also as the restriction ψL := ΦL|Λ2H0(L) since the first map always vanishes on
symmetric tensors. The interpretation of the name “Gaussian” can be found for
instance in [W90]: if X = C is a curve embedded in a projective space Pn and
L = OC(1), one can consider the Gauss mapping C → Gr(1, n) sending each point
of the curve to its tangent line in Pn. The composition of this map with the Plu¨cker
embedding Gr(1, n) →֒ PN gives rise to the “associated curve” φ : C → PN and
the restriction of the hyperplane section φ∗ of φ corresponds the so-called Gaussian
map ψL.
The original interest in these maps came from the study of ΦKC , whereKC is the
canonical bundle on a smooth curve (see for instance [CHM88] and [CLM00]) and
in general they have been explored in particular when X is a curve, in relation with
the deformation theory of the vertex of the cone over X (see [W87]). More recently,
the first named author joint with Claudio Fontanari provided a generalization of
these maps in [BF06]. They defined the so-called “weighted Gaussian maps” as
γa,b(X,L) : H
0(X,L⊗a)⊗H0(X,L⊗b) → H0(Ω1X ⊗ L
⊗a ⊗ L⊗b)
σ ⊗ τ 7→ bτdσ − aσdτ.
(1)
where X is always a smooth projective variety, L ∈ Pic(X) and a, b > 0 are two
positive integers. When a = b = 1 we recover the standard Gaussian map.
In the first section, following the approach of [W90], we investigate the surjectivi-
ty of the map γa,b(X,L) by studying first the weighted Gaussian maps for X = P
n
and L = OPn(e), with e ∈ N a generic positive integer, and then the restriction map
given by H0(Pn,Ω1
Pn
(t))→ H0(X,Ω1X(t)). In particular, we prove a general result
(Theorem 2.5) from which we deduce the following.
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Corollary 2.6. Let C be a smooth curve of genus g and L ∈ Pic(C) a line bundle
of degree deg(L) ≥ 2g + 2. Denote by X ⊂ Pn the linearly normal embedding of C
induced by |L|. Then the map γa,b(X,OX(1)) is surjective for all positive integers
a, b such that a+ b ≥ 3.
Corollary 2.7. Let C be a smooth curve of genus g ≥ 3. Assume that C is neither
hyperelliptic nor trigonal nor isomorphic to a plane quintic and let X ⊂ Pg−1 be its
canonical model. Then the map γa,b(X,ωX) is surjective for all a, b > 0 such that
a+ b ≥ 4.
In the second section we relate the weighted Gaussian maps γ1,h−1(C,L), h ≥ 2,
to the locus Thrg,h ⊂Mg defined, for h ≥ 2 an arbitrary integer, by
Thrg,h := {[C] ∈ Mg | ∃L ∈ Pic(C) s.t. h
0(C,L) ≥ r + 1, hL = KC}. (2)
It is a generalization for h-spin curves of the locus studied by J. Harris in [H82] for
theta-characteristics. The case in which h is even was considered in [Fon02], but
the proof of the odd case is identical (see Theorem 3.2). In particular, J. Harris
proved that each component of the locus
Srg := {[C,L] ∈ Sg | h
0(L) ≥ r + 1, h0(L) ≡ r + 1 mod 2}
has codimension at most
(
r+1
2
)
in Sg. We recall that Sg is the moduli space of
pairs [C,L] where C is a genus g curve and L ∈ Pic(C) is a theta-characteristic
on C, that is, a square root of its canonical bundle. In [Far05] G. Farkas showed
that for r = 1, 2, . . . , 9 and 11 there exists an explicit integer g(r) such that for all
g ≥ g(r) the moduli space Srg has at least one component of codimension exactly(
r+1
2
)
and he made a conjecture (recently proved by L. Benzo in [Be13]) on the
existence of a component attaining the maximum codimension for any r ≥ 1 and
g ≥
(
r+2
2
)
. His proof is based on the connection between Gaussian maps and spin
curves provided by a tangent space computation done by Nagaraj in [N90], whose
main ingredient is the identification T[C,L]S
r
g
∼= Im(ψL)
⊥. In this work we use the
analogous relation between the weighted Gaussian map and the locus Thrg,h proved
in [Fon02, Theorem 3] for h even: there is an identification between the tangent
space TCTh
r
g,h and the dual of the cokernel Coker(γ1,h−1(C,L)). As claimed before,
the same relation holds identically also when h is odd. Using these facts we prove
the following result.
Theorem 3.3. For every g, h ≥ 2 and every [C] ∈ Th0g,h with an h-theta L satis-
fying h0(L) = 1, the Zariski tangent space at [C] has codimension (g − 1)(h− 2)/h
in the tangent space H0(C,K⊗2C )
∨ of the local deformation space of C.
We conclude our work with a focus on complete intersection curves. In Theorem
3.5 we prove that, for generalm and r, if Thrg,h does contain a complete intersection,
then Thrg,h has a component whose general element is a complete intersection. We
work over the complex field C.
This work is part of the Ph.D. Thesis of the second named author and it is
partially supported by MIUR (Italy) and by GNSAGA of INdAM.
We thank the referee for several useful remarks.
2. Surjectivity
Let X be a smooth projective variety and L ∈ Pic(X). Let b > a > 0 be two
integers. Let us fix a very ample line bundle OX(1) on X and set n = h
0(OX(1))−1.
Then we use |OX(1)| to embed X inside P
n. Following [W87], for any e ∈ N>0 and
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for any integers b > a > 0 we have the commutative diagram
H0(Pn,OPn(ae))⊗H
0(Pn,OPn(be))
γa,b(P
n,OPn(e))
✲ H0(Pn,Ω1
Pn
(ae + be))
H0(X,OX(ae))⊗H
0(X,OX(be))
❄
γa,b(X,OX(e))
✲ H0(X,Ω1X(ae+ be)).
αae+be,X
❄
(3)
As in [W87], we show that the top map is always surjective.
Lemma 2.1. For any e ∈ N>0 and for any integers b > a > 0 the map
γa,b(P
n,OPn(e)) : H
0(Pn,OPn(ae))⊗H
0(Pn,OPn(be))→ H
0(Pn,Ω1
Pn
(ae+ be))
is surjective. In particular, the map γa,b(X,OX(e)) is surjective if the map αae+be,X
is surjective.
Proof. Let us call for the moment γ := γa,b(P
n,OPn(e)). First we show that the
map γ is not identically zero. Fix homogeneous coordinates X0, . . . , Xn for P
n and
consider, for instance, the mononomials Xae0 and X
be
1 . Then
γ(Xae0 ⊗X
be
1 ) = abeX
ae
0 X
be
1
(
dX0
X0
−
dX1
X1
)
which is a non trivial function. Notice also that γ is a GL(n + 1)-equivariant
map. For every t ≥ 2 the space H0(Pn,Ω1
Pn
(t)) corresponds to the kernel of the
multiplication map
H0(Pn,OPn(1))⊗H
0(Pn,OPn(t− 1))→ H
0(Pn,OPn(t)),
and hence Ω1
Pn
(t) is a stable homogeneous bundle. The space H0(Pn,Ω1
Pn
(t)) is
thus an irreducible GL(n + 1)-representation for every integer t ≥ 2. Indeed
it corresponds to the Young diagram (t − 1, 1). This means that the codomain
H0(Pn,Ω1
Pn
(t)) has no proper GL(n+ 1)-invariant subspaces and hence the map γ
is surjective, since it is equivariant and non-zero. 
We study the surjectivity of the right-vertical map αt,X . For every t > 0 it
factors via two maps:
H0(Pn,Ω1
Pn
(t))
ρt,X
−→ H0(X,Ω1
Pn|X(t))
βt,X
−→ H0(X,Ω1X(t)) (4)
where ρt,X is the restriction map and βt,X comes from the cohomology of the conor-
mal sequence. Considering indeed the conormal sequence 0→ N∗X(t)→ Ω
1
Pn|X(t)→
Ω1X(t) → 0, we have that the second one is surjective if h
1(N∗X(t)) = 0. When X
is a complete intersection we have the following results on the first cohomology of
the twisted conormal bundle.
Lemma 2.2. Assume that X is a complete intersection of n − k hypersurfaces of
degree d1 ≥ · · · ≥ dn−k ≥ 2. Then
h1(N∗X(t)) = 0 ⇐⇒ k ≥ 2 or
{
k = 1,
t > 2d1 + d2 + · · ·+ dn−1 − n− 1.
Proof. Recall that N∗X(t) =
⊕n−k
i=1 OX(t − di). If k ≥ 2 then we have that the
first cohomology group H1(X,OX(c)) vanishes for all c ∈ Z since X is a complete
intersection. If k = 1 then ωX = OX(
∑
i di−n− 1) and hence N
∗
X(t) does not have
special terms if and only if t > 2d1 + d2 + · · ·+ dn−1 − n− 1. 
In this situation we can prove the surjectivity of the weighted Gaussian maps in
some ranges. In order to do so, we need one more lemma.
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Lemma 2.3. Let X ⊂ Pn be a smooth variety. Assume h1(Pn, IX(t− 1)) = 0 and
that the homogeneous ideal of X contains no minimal generator of degree t. Then
the map ρt,X : H
0(Pn,Ω1
Pn
(t))→ H0(X,Ω1
Pn|X(t)) is surjective.
The last hypothesis is equivalent to asking for the surjectivity of the map
V ⊗H0(Pn, IX(t− 1)) −→ H
0(Pn, IX(t)),
where V is the (n+ 1)-dimensional vector space V := H0(Pn,OPn(1)).
Proof. From the short exact sequence
0→ IX → OPn → OX → 0
tensored by Ω1
Pn
(t), it follows that the map ρt,X is surjective if the first cohomology
group H1(IX ⊗ Ω
1
Pn
(t)) vanishes. But the latter follows from our assumptions by
considering the Euler sequence for Pn ≃ P(V ) twisted by the ideal sheaf IX(t)
0→ IX ⊗ Ω
1
Pn
(t)→ IX(t− 1)⊗ V → IX(t)→ 0. (5)
and hence the proof is over. 
Proposition 2.4. Let X ⊂ Pn be a smooth complete intersection of n − k hy-
persurfaces of degree d1 ≥ · · · ≥ dn−k ≥ 2. Then the weighted Gaussian map
γa,b(X,OX(1)) is surjective if a+ b 6= di and
k ≥ 2 or
{
k = 1,
t > 2d1 + d2 + · · ·+ dn−1 − n− 1.
Proof. Defining t = a+b we know by Lemma 2.1 that γa,b(X,OX(1)) is surjective if
the map αt,X is surjective. By Lemma 2.2 we know that the map βt,X is surjective
if and only if k ≥ 2 or k = 1 and t > 2d1 + d2 + · · · + dn−1 − n − 1. Since X is
projectively normal one has h1(X, IX(t − 1)) = 0. Furthermore, we have just seen
in the previous proof that the map ρt,X is surjective if h
1(IX ⊗Ω
1
Pn
(t)) = 0. In this
situation the ideal sheaf IX is a quotient of
⊕
iOPn(−di) because it is minimally
generated by the n − k forms of degree d1, . . . , dn−k defining X . The map αt,X is
thus surjective if h1(Ω1
Pn
(t− di)) = 0 for all i, that is t 6= di for all i. 
Let us move to the general situation where C is a smooth curve and L a very
ample line bundle on it.
Theorem 2.5. Let C be a smooth curve and L ∈ Pic(C) be a very ample line
bundle on C. Denote by X ⊂ Pn the linearly normal embedding of C induced by
|L|. Let t0 ∈ N be an integer such that t0 ≥ 3. Assume that
(1) h1(Pn, IX(t− 1)) = 0 for every t ≥ t0,
(2) the map H0(Pn,OPn(1))×H
0(Pn, IX(t− 1))→ H
0(Pn, IX(t)) is surjective
for every t ≥ t0,
(3) h1(OX(1)) = 0.
Then, for every t ≥ t0 and for every a, b > 0 such that a + b = t, the weighted
Gaussian map γa,b(X,OX(1)) is surjective.
Proof. Notice that hypothesis (2) implies that the homogeneous ideal of X is gen-
erated by forms of degree ≤ t0 − 1 and hence X is scheme-theoretically cut out by
forms of degree t0 − 1. By Lemma 2.1 and the factorization of αt,X given in (4), it
is enough to prove that ρt,X and βt,X are surjective for all t ≥ t0. The first map
is surjective by Lemma 2.3. Recall that in order to prove the surjectivity of the
second map it is enough to show that h1(N∗X(t)) = 0 for every t ≥ t0. Since X
is scheme-theoretically cut out by forms of degree t0 − 1, the ideal IX(t0 − 1) is
spanned by its global section. Therefore its quotient N∗X(t0 − 1) = IX/I
2
X(t0 − 1)
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is spanned by global sections. Hence for some N ∈ N we have an exact sequence of
OX -sheaves
0→ E → OX(1)
⊕N → N∗X(t0)→ 0.
Since X is a curve, we have h2(X,E) = 0. Furthermore, from h1(OX(1)) = 0 we
obtain h1(N∗X(t0)) = 0 and the same argument works for t ≥ t0. 
From this we can deduce some special cases as the following ones.
Corollary 2.6. Let C be a smooth curve of genus g and L ∈ Pic(C) a line bundle
of degree deg(L) ≥ 2g + 2. Denote by X ⊂ Pn the linearly normal embedding of C
induced by |L|. Then the map γa,b(X,OX(1)) is surjective for all positive integers
a, b such that a+ b ≥ 3.
Proof. Since deg(L) ≥ 2g+2, one has h1(L) = 0 and L is very ample. In particular,
X is projectively normal ([ACGH85, p. 140]) and one has h1(IX(2)) = 0. Since
deg(L) ≥ 2g + 2, the homogeneous ideal of X is generated by quadrics ([G84] and
[GL88, p. 302]). Hence, for t ≥ 3, the map H0(Pn,OPn(1))×H
0(Pn, IX(t− 1))→
H0(Pn, IX(t)) is surjective. We can then apply Theorem 2.5 with t0 = 3 and this
completes the proof. 
Corollary 2.7. Let C be a smooth curve of genus g ≥ 3. Assume that C is neither
hyperelliptic nor trigonal nor isomorphic to a plane quintic and let X ⊂ Pg−1 be its
canonical model. Then the map γa,b(X,ωX) is surjective for all a, b > 0 such that
a+ b ≥ 4.
Proof. Every canonically embedded smooth curve is projectively normal by a theo-
rem of Max Noether [ACGH85, p.117] and hence h1(IX(2)) = 0. Since C is neither
trigonal nor a plane quintic, a theorem of K. Petri says that the homogeneous ideal
of X is generated by quadrics [ACGH85, p. 131]. Hence condition (2) of Theorem
2.5 is satisfied for t0 = 3. The same argument used in the proof of Theorem 2.5
shows that N∗X(a+b−2) is spanned by global section and we have thus an analogous
exact sequence
0→ E → OX(2)
⊕N → N∗X(a+ b)→ 0.
Since h1(OX(2)) = h
1(ω⊗2X ) = 0 we get h
1(N∗X(a+ b)) = 0 and hence we conclude
that the map βa+b,X is surjective. Since the homogeneous ideal of X is generated
by forms of degree ≤ a + b − 1 (actually, of degree ≤ a + b − 2), from Lemma 2.3
we deduce that the map ρa+b,X is surjective. Hence γa,b(X,ωX) is surjective. 
3. Gaussian maps and h-theta-characteristics
In this section we identify some objects in the kernel of the Gaussian maps, in
particular the ones of the kind v⊗a ⊗ v⊗b for v ∈ H0(L). We get a lower bound on
the dimension of the kernel, which in general is far from being sharp, but that it is
achieved in the case of interest for us. Consider the multiplication map
ηa+b : Sym
a+b(H0(L))→ H0(L⊗a+b).
Lemma 3.1. For every a, b > 0, the kernel of γa,b(X,L) has dimension ≥ rank(ηa+b).
Proof. Let v be an element in H0(L). Define σ := v⊗a ∈ H0(L⊗a) and τ := σ⊗b ∈
H0(L⊗b). We have
γa,b(X,L)(σ ⊗ τ) =
τa+1
σb−1
d
(
σb
τa
)
= 0
where the first equality follows from the proof of [BF06, Lemma 1] and the second
follows since σb = τa by definition. This means that the kernel of γa,b(X,L) contains
the linear span of all elements of the kind va ⊗ vb for v ∈ H0(L). In order to prove
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dim(ker γa,b(X,L)) ≥ rank(ηa+b) it is enough to show that, given the multiplication
map νa,b : H
0(L⊗a)⊗H0(L⊗b)→ H0(L⊗a ⊗ L⊗b), one has
dim(νa,b(ker γa,b(X,L))) ≥ rank(ηa+b).
We have just shown that ker γa,b(X,L) contains all elements of the kind v
⊗a+b for
v ∈ H0(L). Since we work over algebraically closed base field with characteristic
zero, any symmetric polynomial of degree a+ b is a linear combination of (a+ b)-th
powers of linear forms, that is
Im(ηa+b) ⊂ lin span{v
⊗a+b ∈ H0(L⊗a+b) | v ∈ H0(L)} ⊂ νa,b(ker γa,b(X,L)).
The thesis follows. 
Notice that, when a = 1, b = h − 1 and h is even, we are in the situation of
Theorem 3 of [Fon02] and the map γa,b(C,L) corresponds to the map
µh := γ1,h−1(C,L) : H
0(C,L)⊗H0(C,KC − L) → H
0(C, 2KC)
σ ⊗ τ 7→ (h− 1)τdσ − σdτ
Notice the misprint in the statement of [Fon02, Theorem 3] and [BF06, Theorem
1]. Since in Theorem 3 of [Fon02] only the case h even is considered, we restate
here the theorem in its full generality.
Theorem 3.2. Let Thrg,h be the space defined in (2) for g, h ≥ 2 and define the
map
µh := H
0(C,L)⊗H0(C,KC − L) → H
0(C, 2KC)
σ ⊗ τ 7→ (h− 1)τdσ − σdτ.
Then TC
(
Thrg,h
)
= (cokerµh)
∗
.
Proof. The proof of [Fon02, Theorem 3] works verbatim when h ≥ 3 is an odd
integer. Indeed, just use 1
h
instead of 12m in the proof of [Fon02, Lemma 3] and use
h instead of 2m in [Fon02, §3.3]. 
In particular, when C is a smooth and connected projective curve, Proposition
1 of [BF06] gives us the bound
rank(γa,b(C,L)) ≥ h
0(L⊗a) + h0(L⊗b)− 3, (6)
where the inequality is strict if bs−at 6= 0, with s = h0(L⊗a)−1 and t = h0(L⊗b)−1.
Recalling the definition (2) of Thrg,h given in the Introduction, Lemma 3.1 provides
a bound on the dimension of the Zariski tangent space Zar[C]Th
r
g,h of Th
r
g,h at
[C] ∈ Thrg,h inside the Zariski tangent space H
0(C,K⊗2C )
∨ of the deformation space
of C. In particular, one has
rank(µh) = codimZar(C,L)Th
r
g,h ≤ (r+ 1)
(
r + 1 + (g − 1)
h− 2
h
)
− rank(ηh). (7)
In his work G. Farkas studied the classical locus Srg := {[C,L] ∈ Sg | h
0(L) ≥
r + 1, h0(L) ≡2 r + 1} corresponding to the choice h = 2 and he showed that,
for small values of r, there is a specific integer g(r) such that for every g ≥ g(r)
there exists a component of Srg realizing the bound. He also made a conjecture
(see [Far05, Conjecture 3.4]), recently proved by [Be13], on the existence of such a
component for every r ≥ 3 and for every g ≥
(
r+2
2
)
.
When h is general and r = 0, we know the exact dimension of the tangent space
of Th0g,h at any [C] with h
0(L) = 1, by seeing it as a subspace of the tangent space
H0(K⊗2C )
∨ of the local deformation space of C.
Theorem 3.3. For every g, h ≥ 2 and every [C] ∈ Th0g,h with an h-theta L satis-
fying h0(L) = 1, the Zariski tangent space at [C] has codimension (g − 1)(h− 2)/h
in the tangent space H0(C,K⊗2C )
∨ of the local deformation space of C.
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Proof. Let C be a smooth curve and L ∈ Pic(X) an h-th canonical root such that
h0(L) = 1. Notice that, when r = 0, the rank of the map ηs is always equal to 1
for every s ∈ N. From (6) we know that
rank(µh) ≥ h
0(L) + h0(KC − L)− 3 = h
0(KC − L)− 2 (8)
and from Lemma 3.1 we have
rank(µh) ≤ h
0(L) · h0(KC − L)− 1 = h
0(KC − L)− 1 (9)
When g ≥ 2 and h > 2, the inequality in (8) is strict because s = h0(L)−1 = 0 and
t = h0(KC −L)− 1 = g −
2g−2
h
6= 0 ([BF06, Proposition 1]). Furthermore, if h = 2
then h0(KC − L) = 1 and thus, from (9), we have rank(µ2) = h
0(KC − L)− 1 = 0
even in this case. We can thus conclude that, for all g, h ≥ 2, the map µh has always
rank h0(KC − L)− 1 = (g − 1)(h− 2)/h. 
For any g, r and h we cannot expect a complete intersection C to be an isolated
point of Thrg,h, since curves of this kind move in families. However, we show that
the dimension of a component of Thrg,h containing a complete intersection is the
smallest possible one. In other words, we show that if a component of Thrg,h con-
tains a complete intersection curve, then its general element is again a complete
intersection. Let C ⊂ Pn be a smooth complete intersection of hypersurfaces of
degree d1, . . . , dn−1 with
d1 ≥ · · · ≥ dn−1 ≥ 2, n ≥ 2.
If n = 3 assume d1 ≥ 3 and if n = 2 assume d1 ≥ 4. Let us call ξ :=
∑
i di − n− 1
and recall that ωC = OC(ξ). We need a preliminary lemma.
Lemma 3.4. The cokernel of the cotangent map
α : H0(C,Ω1
Pn|C(ξ))→ H
0(C, ω⊗2C )
has dimension h0(NC)− (n+ 1)
2 + 1.
Proof. We use the conormal exact sequence
0→ N∗C (ξ)→ Ω
1
Pn|C (ξ)→ ωC (ξ)→ 0. (10)
From its cohomology and Serre duality we find
dim coker(α) = h0(NC)− h
1(Ω1
Pn|C(ξ)).
In order to compute h1(Ω1
Pn|C(ξ)), define the vector space V := H
0(Pn,OPn(1)) =
H0(C,OC(1)) ∼= C
n+1 and consider the restriction to C of the Euler sequence of
Ω1
Pn
:
0→ ΩPn|C (ξ)→ V ⊗OC (ξ − 1)
µ
→ OC (ξ)→ 0. (11)
Since ξ−1 ≥ 0 and C is projectively normal, the map µ is a surjective multiplication
map on global sections. From the long exact sequence of cohomology of (11) and
Serre duality, it thus follows that h1(Ω1
Pn|C(ξ)) = (n+1)
2−1, proving the lemma. 
Now define g :=
ξ
∏
i
di
2 + 1, ζ :=
ξ
h
, r := h0(C,OC(ζ)) − 1 and consider the
diagram
H0(Pn,OPn(ζ)) ⊗H
0(Pn,OPn((h− 1)ζ)) ✲ H
0(Pn,Ω1
Pn
(ξ))
H0(C,OC(ζ)) ⊗H
0(C,OC((h− 1)ζ))
❄
γ1,h−1
✲ H0(C,Ω1C(ξ)).
α
❄
(12)
We can state the following Theorem.
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Theorem 3.5. For every h ≥ 2 and di, h, g, r as above, the curve [C] is a smooth
point of an irreducible component of Thrg,h whose general member is a complete
intersection curve.
Proof. Let D be the subset of the Hilbert scheme Hilb(Pn) of Pn parametrizing
the smooth complete intersection of type d1, . . . , dn−1 of P
n. The set D is an open
subset of Hilb(Pn) ([S06, p. 236]). Hence for each C ∈ D the tangent space of D
at C has dimension h0(NC). Since D is smooth ([S06, p. 236]), we have dim(D) =
h0(NC). The set D is irreducible, because it is parametrized by an open subset
of the vector space
∏n−1
i=1 H
0(Pn,OPn(di)). Since C has genus ≥ 2, only finitely
many automorphisms of Pn sends C into itself. The adjunction formula gives ωC ∼=
OC(d1+ · · ·+dn−1−n−1). Set e := d1+ · · ·+dn−1−n−1. Since C has only finitely
many line bundles L such that L⊗e ∼= ωC , up to projective isomorphism C has only
finitely many embeddings into Pn as a complete intersection of type d1, . . . , dn−1.
Hence the locus Γ ⊂Mg of all complete intersection curves is an irreducible variety
of dimension h0(NC)−dimAut(P
n) = h0(NC)−(n+1)
2+1 and it is contained in an
irreducible component Z of Thrg,h. From diagram (12), Lemma 2.1 and the fact that
C is projectively normal, we see that the map γ1,h−1(C,OC(ζ)) has cokernel equal
to the cokernel of the map α and hence of dimension exactly h0(NC)− (n+1)
2+1.
Then, Theorem 3.2 implies dim(TCZ) = h
0(NC)− (n+1)
2+1 and we can conclude
that the curve [C] is a smooth point of the component. In particular, Γ = Z and
hence the claim follows. 
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